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The Yang-Mills theory with noncommutative fields is constructed following Hamiltonian and 
Lagrangian methods. This modification of the standard Yang-Mills theory produces spatially lo- 
calized solutions very similar to those of the standard non Abelian gauge theories. This mod- 
ification of the Yang-Mills theory contain in addition to the standard contribution, the term 
(A"F pX + \AvApAx) where 6> M is a given space-like constant vector with canonical dimen- 
sion of energy. The A^ field rescaling and the choice # M = (0, 0, 0, 0), suggest the equivalence between 
the Yang-Mills-Chern-Simons theory in 2+1 dimensions and QCD in 3+1 dimensions in the heavy 
fermionic excitations limit. Thus, the Yang-Mills-Chern-Simons theory in 2+1 dimensions could be 
a codified way to QCD with only heavy quarks. The classical solutions of the modified Yang-Mills 
theory for the SU(2) gauge group are explicitly studied. 



I. INTRODUCTION 

It has been shown that noncommutative geometry is an 
important mathematical ingredient that could be a clue 
for several important unsolved problems in theoretical 
physics . One of the consequences of noncommutative 
geometry is the Lorentz invariance symmetry breaking 
that, as was pointed out by several authors, could hap- 
pen at very high or very low energies as a consequence of 
the IR/UV property, implying that interesting new phe- 
nomenological possibilities could appear |2l |3j and new 
possible extensions of the standard model p|. 

In Ref . [{| , an approach to a Lorentz invariance violat- 
ing quantum field theory has been proposed, inspired in 
noncommutative geometry, where the fields (instead of 
satisfying the standard canonical commutators) obey 



[<l>i{x),<t>j{v)\ = i0ijfi(x-y), 
[TTi(x),TTj(y)] = iBij6(x-y), 

[<t>i{x),Ttj{y)\ = i6ijS(S-y), 
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where ... — 1,2,3,... are internal indices and 9 and 
B are scales with dimensions of (energy)" 1 and energy 
respectively. These scales correspond to ultraviolet and 
infrared weak Lorentz invariance violations respectively. 

These small deviations of the Lorentz symmetry (ul- 
traviolet and infrared) imply modifications to the rela- 
tivity principle. In the ultraviolet sector for example, 
it allows to describe an interesting phenomenology for 
UHECR, where possible new effects could be studied Q ■ 

The present approach does not correspond to the non- 
commutative geometry in the true sense, where one 
adopts the commutator 

[x,y]~0. 

Rather, while the commutator (|TJ violates the micro- 
causality principle imposing an ultraviolet scale, a f~ 
fects the physics in the infrared sector. This is relevant 
in the infrared sector of quantum field theory Q , where 
other phenomena could be explained. 

Indeed, in the infrared region new windows could 
emerge to largely unsolved problems, such as the dark 
matter and energy puzzle jfj, matter-antimatter asym- 
metry ^(j> primordial magnetic fields an d other in- 
teresting phenomena. However, important open ques- 
tions concerning the meaning of the infrared scales are 
still unsolved [L2| . 

Although there are no definitive general answers to 
these problems, one can consider particular examples 
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which eventually could be confronted with phenomenol- 
ogy or experimental results. 

The purpose of the present research is to extend our 
previous work for electrodynamics [lflj to the non-abelian 
case. In |l3j we shown that, by deforming the canonical 
algebra in the infrared sector, one rediscover the Carroll- 
Field- Jackiw theory proposed fifteen years ago [bH ]. 

Although in the context of our approach we do not 
know how to treat fermionic degrees of freedom, we will 
consider that this modified Yang-Mills theory hide the 
fermions in a Chern-Simons term. From this point of 
view, it seems to be reasonable to think that confine- 
ment could be a phenomenon mainly due to the classical 
behavior of the gluonic fields |24j ]. 

The aims of the present paper are the following: 

1) To present a nonabelian gauge field theory that can 
be understood as a Hamiltonian system where the com- 
mutators -or Poisson brackets at the classical level- are 
deformed in a similar way to those of a noncommuta- 
tive system (although we strength that this noncommu- 
tativity is in the field space, not in the spacetime as in 
noncommutative geometry), 

2) To show that our approach can also be understood 
as a standard Yang-Mills Lagrangian plus the term 

Ve^px (Vf" a + , (4) 

where vectorial fields A v satisfy canonical commutations 
relations and 9^ is a given space-like vector having di- 
mensions of energy. One should also emphasize that this 
Chern-Simons term not only violate Lorentz invariance, 
but also C, P and T symmetries [lfj. 

3) To discuss how the modified Yang-Mills equations in 
four dimensions can be understood in three-dimensions as 
a Yang-Mills-Chern-Simons system and how the behavior 
of the gauge fields is very similar to the Nielsen-Olesen 
vortices. 

4) To give arguments that suggest that this modified 
Yang-Mills-Chern-Simons theory could be understood as 
a kind of "bosonized" QCD theory at low energy. 

II. YANG-MILLS THEORY WITH 
NONCOMMUTATIVE FIELDS 

In this section we will construct the Yang-Mills theory 
with noncommutative fields following similar arguments 
to those given in ref. ^3j (in other context see also ref. 
|19|). In this paper, Latin indices denote spatial compo- 
nents and the metric is taken as diag(— 1, 1, 1, 1). 

Essentially, one starts considering the following modi- 
fied Poisson brackets 

{A1{x),A){x')}p.b = 0, (5) 
{A?(x),Tl b (x')} P . B = S ab 6 l3 S 3 (x-x'), (6) 
{n;(x),Tlfa , )}p. B = e ljk 9 k S ab S 3 (x-x'), (7) 



where the parameter 9 k (k = 1,2,3) is a vector in the 
space that is responsible for the Lorentz invariance viola- 
tion. Also, the indices a, b, c, ... represent internal indices, 
corresponding to the gauge group. In our analysis we will 
take the SU(2) group as an example whose structure con- 
stants are just ie abc , i.e. the total antisymmetric tensor. 
One should note that a term like e abc 'y c SijS 3 (x — x') could 
also be added to the right hand side of Q, but since we 
are looking for terms which violate the Lorentz symme- 
try, this contribution would be irrelevant in the following 
analysis. 

Following [131 ] , we will keep the gauge symmetry exact 
|25| while breaking the Lorentz invariance. Therefore, the 
first step is to find in this context the correct generators 
for the gauge transformations in terms of A and II fields. 

We then modify the standard Gauss law, 

* o (a0 = V ■ II a + ge abc U b ■ l c = 0, (8) 
by adding a new term, A.(x), to get 

V'(x) =V(x)+A(x). (9) 

This new term should depend only on the gauge poten- 
tials in order to reproduce the usual gauge transformation 
on A. 

Taking into account the commutation relations 

{n?(z) , B b (x')} = 

- e ijk (^S ab d 1 5 3 {x - x') +ge abc Al(x)5 3 (x - x?) 

and 

{n«(x) ,* b (x)} = -ge abc U ic 6 3 (x-x') 

- e ijk 9 k (d j 5 3 (x - x')5 ab + ge abc AlS 3 (x - x')) , 

(10) 

where B b k = \tijhF b% K one finds that the commutator 
between II" and fy a (x) is given by 

{H?(x), *V) - • B b {x')} = -ge abc U ci (x)S 3 (x - x'). 

Therefore, the correct generator of the gauge transfor- 
mations in this theory becomes 

E' n = -J d 3 xtl a {x) (v ■ U a +ge abc U b ■ A c - ■ B Q ) , 

(11) 

or cquivalcntly 

E' n = - J d 3 x n a (x) ((D -n) a -9- B°^j , (12) 
where D is the covariant gradient. 
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Similarly to the commutative case, one can propose 
the Hamiltonian 



H 



d 3 x^ (iT ■ IT" - 13" ■ 13" 



+ I d :i xA a0 -U a + ge abc n b ■ A c -6 ■ B a 



Therefore, the equations of motion becomes 



(13) 



IF = A a + WA a0 + ge abc A b0 A c , 
{TJ$(x),H} = e ljk (D : >B k ) a - ge abc A b0 U 1 c -9xli a . 

(14) 

The first equation establishes that II? = -F z a0 . The 
second equation can be written as 

(D Ui) a = e ijk (D^B k ) a -exfi a , 

where the last term introduces a modification with re- 
spect to the commutative case. 

Finally, one can find an equivalent Lagrangian which 
reproduces the same equations of motion by identifying a 
set of commuting fields V 01 such that the A's and Vs 
be canonically conjugate variables. These linear combi- 
nation of II's and A's can be identified as 

P- = H? - \e ijk A^6\ 

which satisfy the canonical algebra 

{A$(x),Pf(x')} = S lJ 6 ab S 3 (x - x') (15) 



{P?(x),PHx')} = 0. 



(16) 



In terms of these new variables the Lagrangian be- 
comes 



L= I d 3 xP l a A l * -H, 



where the only modifications comes from the terms pro- 
portional to 9. 

Thus, the equivalent Lagrangian density becomes 



L — L a + — 0kCk, 

where Lq is the Yang-Mills Lagrangian density, 

1 

4 

with 



(17) 



and C fe given by, 



A a0 F c 



(18) 



Using Ai = d$Ai and the definition of F^, one finds, 
d 3 x C k = J d 3 x e ijk \-A1dvA? - A^A* + A«d 3 A<} 



ge a»c A a A A c 



d 3 x2e kupa tY A v F pa + -gA v A p A c 



(19) 

Collecting all the terms one finds that H17|) can be writ- 
ten as 

L = ~tx{F liV F» v }+29»e tlvp(T tx (Vi^ + ^gA u A p A c 

(20) 

where the AF and A 3 nonabelian contributions coincides 
with the Chcrn-Simons term and 9 P is a space-like vector 

Thus, (|20|l shows the equivalence between a Hamilto- 
nian formulation with deformed commutators (or Poisson 
brackets) and a standard Lagrangian formulation which 
explicitly breaks down Lorentz invariance. 

Finally, we note that the Chern-Simons term should 
be treated as a nonperturbative contribution. Indeed, if 
one rescales A a — > g^ 1 A a then the action becomes 



S = 



J d 4 x ^tr(F 2 ) + ^fe^ pCT tr (a v F pc + ^A u A p A^ 

Therefore, the Chern-Simons term must be considered at 
the same foot as the standard kinetic F 2 part in the g 
expansion. 

As an example of this last fact, we think it is instructive 
to check a simple case. Let us consider the plane wave 
solutions given by Coleman pp| | . 

This solution of the Yang-Mills theory is given by the 
ansatz, 

A a + = rix+jx 1 + g a {x+)x 2 + h a (x+). 
Here we are using light-cone coordinates, Aj_ = Aq ± 



A3 and 



x' ± x 3 . The functions f a , g a and h a 



are arbitrary but decreasing like \x\ a , with a a negative 
constant, for large arguments \x\. So, the strength tensor 
becomes F^ = f a and f" 2 = g a . 

Then, we can consider a correction of this solution de- 
pending on 9 perturbatively. This will give a perturbative 
ansatz for F, 

pa p(0)a , p(l)a , f)(n2\ 

where F^ is the Coleman solution and F^ is the first 
order correction in 9. Then, the equations of motion up 
to first order are, 

d f _ L F^ apl ' + ge ahc {A^ b F^ )cp ' v 



+ A^ b F (0)c ^) - ^6^ vap F^ p = 0. 



(21) 
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It is easy to see that, for large the perturbation 
pW g 0es as |j;+| a + 1 and then, for large distances, it is 
bigger than the zero-th order contribution to the per- 
turbative solution. Hence, it is not justified to take the 
noncommutative contribution as a perturbation to the 
Yang-Mills equations. 

In the next section, we will deal with an exact solu- 
tion for the complete (sourceless) equations of motion on 
M 2 \{0}. We will find that it corresponds to nonpertur- 
bative vortex configurations. 



P (23) 

and A° = 0. 



Using (J22J, one finds that 



fa = ce- axo Ki(Mp), 



i'2 



fa 



(24) 
(25) 



III. VORTEX SOLUTIONS OF THE MODIFIED 
YANG-MILLS THEORY 

Generally speaking one should note that the modifica- 
tion in l|2UI) breaks rotational invariance, and the equa- 
tions of motion become equivalent to a coupled Yang- 
Mills-Chcrn-Simons system if the space-like vector M is 
chosen in a particular spatial direction. 

This last fact is quite interesting. Indeed, if one choose 
6^ = (0,0,0,0), one finds an almost Yang-Mills-Chern- 
Simons theory with noncommutative gauge fields in 2 + 
1 dimensions after to use a suitable rescaling of fields. 
The difference, however, is that the A^ field depend on 
(xo, x\, X2, X3) instead of (xo, x\, X2) as usual. This result 
seems to be completely general. 

One should also note that, in analogy with the quan- 
tum Hall effect, physical excitations like quarks in a 
Yang-Mills Lorentz symmetry breaking theory necessar- 
ily must live in 2 + 1-dimensions (although the A M field 
is four-dimensional). 

The above discussion can also be extended to any 
gauge group. 

Now, we will discuss an exact solution for the noncom- 
mutative SU (2) Yang-Mills theory with a vortex behav- 
ior. 

The modified Yang-Mills equations are, 

{D v F^) a - ^ upa F^ = 0. (22) 

The solutions for these equations have been exten- 
sively discussed in the literature (for a review see, ref. 
e -9 [13 ) an d) m particular, the vortex- like solutions for 
Yang-Mills-Chern-Simons are well known. 

However, we emphasize here that, although these vor- 
tex solutions fit perfectly in our problem, they are also 
mandatory if the canonical commutators are modified as 
in ©-0. Indeed, the 9 parameter imply the choice of a 
particular plane and - as we are interested in the infrared 
limit- one could neglect mutatis mutandis the short dis- 
tances effects. 

In order to solve let us consider a set of co- 

ordinates in M 3 , and the unitary vectors in the plane 
x 3 =const. , ipi = tijX J [ p, pi = Xi/p, where p is the 
standard radial coordinate in the plane. Let us consider 
the following axially symmetric ansatz for the gauge fields 



where ip 2 = dfa/dp and K\(x) is the Bessel function of 
the second kind. 

The coefficient M is defined as 

M = \Jd 2 + a 2 , 

and c and a are constant with dimensions of energy. The 
gauge potential given in (|23|l fall exponentially to zero 
when p — > 00. 

For the configuration discussed above, the chromomag- 
netic energy is finite 

E m = X -ld 2 xB a - B a 



ire 



(26) 



But the chromoelectric energy is logarithmically diver- 
gent at the ultraviolet region: 



E, = 



- I d 2 xE" E" 



(*2r + (*x) 



r- DC 

7T / dp p 
J A 

poo 

7tc 2 / duuK 2 (u), 

J A 



(27) 



where A is a given cutoff. However, one should notice 
that it is at the infrared region where is relevant. 

Thus, we see that in four dimensions one finds that 
the energy of these solutions increases linearly with L for 
large distances and, therefore, the gluonic fields would 
appear as confined along the z direction. 

Finally, we would like to sketch a possible origin of the 
"four-dimensional" Chern-Simons term. In so doing, let 
us consider massless QCD in four dimensions, described 
by the Lagrangian 



1 9 
L = — F 
4 



4>(ii?)fa 



(28) 



where a sum over flavor indices is assumed. 

Naively, one could expect that, by integrating the 
quark fields to find an effective action at low energies, 
one could obtain contributions different from a Chern- 
Simons term. However, one also can argue the following: 
at very low energy, considering only heavy quarks, let us 
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suppose that the space-time is compactified so that the 
quark held could be written as 

where £ is the compactiflcation radius |26j ( for a more 
detailed discussion see plfl. 

Once this compactiflcation is assumed, the "heavy 
quark" acquires an effective mass m — l/£, and eq. QBJ 
in this effective description becomes 

L = — F 2 + (p (ilp — m) ip, (29) 

where (p {ilp — m) ip is a fermionic three-dimensional La- 
grangian. Here, the fermionic determinant can be calcu- 
lated and the result at the lowest order in f /m = I is the 
Chern-Simons term |22| . 

It is worthwile to notice that this kind of topological 
terms coming from integrated-out fermions appear also 
in different contexts. For example, D'Hoker and Farhi 
consider fermions gettin g la rge masses through Yukawa 
couplings to Higgs helds |23| , obtaining at low energies a 
Wess-Zumino-Witten term as a relic of the quark degrees 
of freedom in the heavy mass limit. 

Another interesting point is how this 2+I-dimensional 
case is related to the 3+1-dimensional one. The answer 
to this question is quite simple: the connection between 
the gauge held in three and four dimensions is 

4 3 > - vi 

then with this rescaling the four dimensional measure 
become 

d 4 X 73 

— "> d X - 



We conclude this section emphasizing that the analysis 
here presented could be a new route to understand some 
nonperturbative aspects of QCD. 



IV. CONCLUSIONS 



In this paper we have shown that deforming the Pois- 
son brackets for the canonical momenta in a Yang-Mills 
theory, the resulting theory is equivalent to a Yang-Mills- 
Chern-Simons system. The classical theory -taking the 
SU(2) group- has vortex like solutions similar to the 
Nielsen-Olesen ones. The difference, however, is that in 
our case they appear as a consequence of Lorentz invari- 
ance violation. 

However, we emphasize that our result does not imply 
that quarks helds are absent in our approach. Rather, 
the Chern-Simons term contains the information about 
the fermionic degrees of freedom and, in this sense, our 
procedure could provide an alternative route to study 
nonperturbative effects. 
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